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pro GfiwEgroup Hok EG subgroups IHH IHH
I Hnkl

Proof the multiplication map µ GxG G restricts to
Mca b ab

a map 9 xh.EEGcirgqeomml.m.tgf.Enota
Note that im 4 EG xiech.to for sineKELI

x ht's
HK this is nota subgroup in

general so Xis notahom

Also note that I txt 1 1 1
KOIKE's Yay

To finish the proof it is enough to show

e2I ztkHT EM

for all a hk E HK incl Indeed
I 9 Gail I Hnkl

and so I Hink I lintel 19 4 311
little I Hnkl

let a b C 4 41 3 Then gbs f 46.41
Ca bi E f Kakis

a ab alb a a bCb'T
TE TE since KEG

if we zet 2 in at a b bi then 2C Hnk
Moreover a zeal 2blab b a'ZYzb

and Calby CAZ E'b

If gehlf.tk then 6cg zKztkI hkxi.ge9 Ext OED



Lemme let G be a finitegrasp and STEG
two

qnbsets.theni.IStlTl7lGl 7ST

GProofBy def STEG So we need to show GEST

LetgeG Consider the subset GT EG where

TY t t TET and g t g3 T get r TET
Then Mit CT e gt

t GE
Hence by the assumption ofthe lemma

1151 191 1 177
Hence

i

Sn g T t t

otherwise at sagittal then ksttfgutgtf.ae Gl
and so Fses of the form

S gE for some TET

geste ST m
Application of the lemma to Fields Groups
Corollay Every elementin a finitefield is a sum
of two squares
Prod only for the field F Zp though same proof

works for arbitrary fruit field F Ffg Eph
I



First some intuition for zip 0,1 do 13

p 2 0 02 1 12 x a2 x a2to2

p 0 02 1 12 2 1712
F 5 0 02 1 12 2 44 12,3 27234 22IS
Steps first we work in the multiplicative group

pT coforoler.pt
write Zpx q a a aP ca

1 where a is a generatorofthegold
WLOG wemayassume ps2 gqn.pe pxctheeaoeocp i ofSet

g fa27 fe a2 a4 aPYsqnaT
T Zip 15 a a AE aP non squares

note that ISI PIZ and so if PE
eg for p 7 5 41 2,43 F 13,563

and a 3 e u all a a5a3

StepI How we work in the fullaol.linhegnnpZp
White 8 s Sudo so that IS't zH P

A 0 02 is also a squareThen 4 Is't PI PE pti p

tzpluenu.hgthekg.ggCEE.IEtTgtT
elements in here are allsquaresFAI

Isomorph.sn sfwGroups

theorem Let G be a group HEG a subgroup



and NOG a normal subgroup Then
G HN EG
Ei HAH OH
Evil fHHYµ ht

Proof 9 doneinlast lecture NOG He pHD G HNEG

Ii Consider the projection homomorphism
Cuse NOG G GIN Ilg gN Ages

and let 19 51 be its restriction to Haso
that IT rhett also a homomorphism

Then
im 4 GM gH hH forsome halt

GM g E HN3
9 9ffshmmenelt

HNIN

Ker y he H Cech ee
HEH 44h7 N gMeganh gig9eNHEH HEH
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By the FTH

Hffeerg F in 9 is an iso

H Hnµ E HNK
OEI



Quickexa ple
let G D g de a yat b bat DEE 4 baatb

N sa 24 normal subgroup

H e a4 b a4b 122 22 cabgroup
Then HN Ee a5a4 a9ba4s a4b a6b3 Dy

HAN e a4 Zz
ft IsoTheorem says HN

µ I Hhtmy
D4 zy 2222 2 EZ

Theorem2nd Isothm Let Hand N be two normal

stgonps of G with NEH Then
c HIM 0 GIN

iiyshy.ec l CPffn.next

Qmakexample If mln then Zn m2n Zm
Reason The GER mfn nZemZ

Henk 14 it
H mZ

Then 6k E HH
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